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Abstract 

o 

' This note emphasizes that only special solutions of the Friedmann equation 

are compatible with the results of the "Supernovae Cosmology Project" (SCP). 
The curvature parameter of these solutions equals +1 and there is a simple 
relation between the minimal Hubble parameter, the cosmological constant 
and the total mass. 
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*cL- 1 Introduction 

Obviously the results of the SCP support the conclusion that in the course of the 
time evolution of the universe the Hubble parameter must have passed in the past 
through a minimum, because in the deceleration epoch it was decreasing whereas the 
results of SCP show that there is a time where it is increasing (see e.g. [1,2,3]). 

Taking the Friedmann equation as a basis for the time evolution (neglecting first 
radiation's contribution) it is known that there is only one type of solutions of this 
equation where the Hubble parameter assumes a minimum value (see e.g. [4, p. 417]). 
For this type the curvature parameter equals +1 and D > where D is the discrimi- 
nant of the equation of third degree obtained by multiplication of the right hand side 
of the Friedmann equation by R. This means that only the spherical ansatz for the 
basic Robertson- Walker metric is compatible with the observations of SCP. In this 
case the density of matter is M/2ir 2 R 3 where M is the total mass. The R- value for 
the mentioned minimum can be calculated explicitly. The condition D > yields a 
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lower estimate for the cosmological constant and there is a simple relation between 
the minimal Hubble parameter, the cosmological constant and the total mass. 

Taking into account radiation's contribution these results remain true, the R- value 
for the minimum of the Hubble parameter undergoes a small correction but it can be 
calculated explicitly, too. 

2 The Friedmann equation 

Without taking into account radiation's contribution the Friedmann equation reads 

(f)'-| + ^-" (1 > 

with 

87rG . _ 1 , 9 a 

a:=—A, (3:= -Ac 2 , 1 := ec\ (2) 
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where A := p(t)R(t) 3 is a constant (p is the density), A denotes the cosmological 
constant, c the velocity of light, G the gravitational constant and e := 0, ±1 the 
curvature parameter. The Hubble parameter is defined by 

In the following it is assumed that A > 0. 

The structure of the solutions R(-) of (1) is determined by the properties of the 
roots of the equation of the third degree 

R 3 +pR + q = 0, p:=~, q ■= ^ (3) 

with discriminant 

To obtain an overview on the different types of solutions of (1) one distinguishes 
several cases (see e.g. [4, p. 417 ff.]). 

Case I. e = or e = —1. 
Then necessarily 

D > 

follows, i.e. in this case the equation (3) has one negative real root and two complex- 
conjugated roots. Then 

R 3 +pR + q>0, R>0, 
there is no restriction for R. Furthermore 

and this implies that H(t) is strongly monotonically decreasing, for R'(t) > as well 
as for R'(t) < 0. 

Case II. e = +1. 

In this case one has to distinguish between the subcases D > 0, D < and D — 0. 
The latter case is omitted (it is the branching case for solutions of (1)). 
Case II(i). D < 0. 

This means 27 'a 2 (5 < 47 3 . In this case the equation (3) has three real roots, 
r < 0, < r\ < r 2 , where 

r2:=2 (i) cos 3' ri:= (i) (^ si 4- c °4) 

and 

a ( 7 \ _3/2 7r .1 1/- 

C0S<P = -yAW ' 2 <0<7F ' ^ 2 <COS 3 < 2^ 
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This means the interval r\ < R < r 2 is not allowed for solutions of (1), there are two 
admissible regions, R > r 2 and < R < r±. Note that in this case the numbers |^ 

and yfp) lie in the forbidden interval, 
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This implies that in the case < R(t) < r\ the function H(-) is strongly monotonically 
decreasing and in the other case R(t) > r 2 it is strongly monotonically increasing. 

Case Il(ii). D > 
This means 

27a 2 /3 > 4 7 3 . (4) 

In this case the equation (3) has one negative real root — r , r > 0, and two complex- 
conjugated roots x ± iy , y > 0, hence 

R\tf = l(R + r )((R - x ) 2 + yl) > (5yl R>0, 

i.e. either 

R'(t) > J/3y , (5) 

hence R(-) is strongly monotonically increasing or R'{t) < —y/JSyo and this means 
that .R(-) is strongly monotonically decreasing. Only the first case is considered. In 
this case one has 

lim R(t) = oo. (6) 



t^oo 

Furthermore, 
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_\ 1/3 3a 
2/3 J < 2 7 



and a simple calculation yields 
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R w := y2^J * s a turning point for R{-)- 

From 

H(tf = + ^-^ (7) 

one obtains 

s 3a 1 1 

i.e. Ro : = |^ is a zero of H'(-). The corresponding time is denoted by to- Since 
this means that 

3a 

Rmin '■= tt" is a minimum for H(-) 
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and R w < R m in- Moreover, 



9a 

R w ,h '■= ~r~ > Rmin is a turning point for H(-) 
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Finally, the minimal value of H(t) 2 equals 

~ 27a 2 ' 



H{t mm f = (5-^- 2 . (8) 



From (7) one obtains 

tf(oo) = yffi, 

this is the asymptotic value for H(-). The value of H(-) at the turning point R w of 
R(-) is given by 

H{t w f = 3/3- 7 (^J (9) 

Note that the turning point for R(-) does not depend on 7. For example, if a > 2/3 5//2 
then R w > yT? follows. The position of H(t w ) w.r.t. y/]3 is simple, too: H(t w ) > \ffi 
if 8a 2 /3 > 47 2 and H(t w ) < y/]3 if 8a 2 /3 < A^ 2 . Note (4) in this connection. The 
relation between R(t w ) = R w and H(t w ) is more complicated. One has to compare 
the right hand side of (9) with R w . 



3 Conclusion 

The case II is the spherical case for the solutions of (1), the volume of the 3-sphere 
is V(t) = 2ir 2 R(t) 3 and the constant A in (2) is given by A := M/2n 2 , where M is 
the total mass. 

Only the solutions of (1) in the case II(ii) have the property that the corresponding 
Hubble parameter has a minimum, i.e. the time before is the "decelerating epoch", 
the time after an "accelerating epoch" and the turning point 9a/47 of the Hubble 
parameter reflects the weakening of this acceleration with the final convergence point 
VP- 

For the special values (2) one obtains the following expressions: First D > 
implies 

A 7T 2 C 4 

A > 



4 (GM) 2 

The minimal R for the Hubble parameter is given by 

2 GM 



R 



mm 9 
7T & 



and the minimal value of the Hubble parameter by 

H(t mm ) 2 = \c 2 ( A- 71 " : 



3 V 4 {GM) 2 J ' 

i.e. from the minimal value of the Hubble parameter and the total mass one is able 
to calculate the cosmo logical constant. 
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